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We investigate the influence of magnons on the temperature-dependence and the anisotropy of
the field-like component of the spin-orbit torque (SOT). For this purpose we use 3rd order per-
turbation theory in the framework of the Keldysh formalism in order to derive suitable equations
to compute the magnonic SOT. We find three contributions to the magnonic field-like SOT, the
dependence of which on the relaxation time τ , the spin-wave stiffness A and the temperature
T are given by T 3/2τ 3/A3/2, T 7/2τ 5/A3/2 and T 5/2τ 5/A5/2, respectively, if the magnet is effec-
tively three-dimensional. For effectively two-dimensional magnets we find instead Tτ 3/A, T 3τ 5/A
and T 2τ 5/A2. Based on this formalism, we compute the magnonic SOT from first principles in
Co/Pt(111), O/Co/Pt(111) and Mn/W(001) magnetic bilayers. We find a sizable magnonic SOT,
which exhibits a pronounced anisotropy and a strong temperature dependence.
I. INTRODUCTION
Spin-orbit torques (SOTs) allow us to excite magneti-
zation dynamics and to switch the magnetization in mag-
netic bits, which may be used for MRAM applications [1].
Therefore, they have become a cornerstone in spintron-
ics research (see Ref. [2] for a recent review). A magnetic
bilayer, such as Co/Pt, is composed of a magnetic layer
(Co) on a heavy metal layer (Pt). When an electric cur-
rent is applied in-plane along the x direction in the mag-
netic bilayer, the torque exerted on the magnetization Mˆ
due to the SOT consists of the field-like torque ∝ Mˆ× eˆy
and the antidamping torque ∝ Mˆ × [Mˆ × eˆy]. Addi-
tional contributions, which depend neither like Mˆ × eˆy
nor like Mˆ × [Mˆ × eˆy] on the magnetization direction
Mˆ have been found both experimentally [3] and theoret-
ically [4, 5]. They are referred to as the anisotropy of the
SOT.
Electronic structure calculations describe many prop-
erties of the SOTs measured in experiments correctly [6–
8]. However, the SOT measured in Ta/CoFeB/MgO
nanowires exhibits a strong increase of the field-like
component with increasing temperature suggesting ther-
mally induced excitation processes to be at play, which
have not yet been considered in microscopic calcu-
lations of the SOT [9–11]. The same observation
is made in Pt/Co/C [12], Pt/Hf/FeCoB/MgO and
W/Hf/FeCoB/MgO [11]. A second phenomenon that
calls for extensions of the existing theoretical models is
the strong anisotropy found in experiments [3], which
contrasts the often roughly isotropic or only weakly
anisotropic SOT obtained in first principles electronic
structure calculations [13].
In this work we extend our first-principles approach
for calculations of the SOT [7] by including magnons.
Theoretical approaches to compute the effect of magnons
on the electrical conductivity in models use rate equa-
tions [14], the Boltzmann equation [15], and diagram-
matic perturbation theory [16, 17]. First-principles
methods are based on the disordered-local-moment ap-
proach [18] or on the Kubo-Landauer formalism applied
to a large supercell with spin disorder [19]. In this paper
we make use of the torque operator T to include the effect
of magnons. In previous works we showed that the torque
operator may be used to compute the response to magne-
tization dynamics [20] and to calculate the effects of mag-
netic texture [21, 22] within a first-principles framework.
Here, we use perturbations of the form Tx sin(q·r−ωmagt)
to take into account the wave-vectors q and the frequen-
cies ωmag of magnons. We employ the Keldysh nonequi-
librium formalism to assess the SOT in the presence of
these perturbations by magnons.
This paper is structured as follows. In Sec. II A we
develop the equations suitable to compute the magnonic
SOT. The necessary integrals of the magnon dispersion
are dealt with in Sec. II B. In Sec. II C we explain how
the magnonic torque scales with temperature, relaxation
time and spin-wave stiffness. In Sec. II D we general-
ize the formalism for general magnetization directions,
which is necessary for the calculation of the anisotropy
of the SOT. In Sec. III A, Sec. III B, and Sec. III C, we
present first-principles results on the magnonic torque in
Co/Pt(111), in O/Co/Pt(111), and in Mn/W(001) mag-
netic bilayers, respectively. This paper ends with a sum-
mary in Sec. IV.
II. FORMALISM
A. SOT in the presence of magnons
The one-magnon state is described by the normalized
magnetization
Mˆ (r, t) =

η cos(q · r − ωmag(q)t)η sin(q · r − ωmag(q)t)
1− η2/2

 , (1)
2where η determines the cone-angle of the magnon,
ωmag(q) is the dispersion, and q is the magnon wave-
vector. From the solution of the Heisenberg model it is
known that Mz is reduced in the 1-magnon state by the
factor 1 − 1/Nmag, where Nmag is the number of sites.
Consequently, 1− η2/2 = 1− 1/Nmag and
η =
√
2/Nmag. (2)
We consider the ferromagnetic ground state with magne-
tization in z direction as the unperturbed reference state
(in Sec. II D we will generalize the formalism to general
magnetization direction) and add the perturbation term
δHmag(t) =µBΩ
xc(r)ησx cos(q · r − ωmag(q)t)
+µBΩ
xc(r)ησy sin(q · r − ωmag(q)t)
=ηTy cos(q · r − ωmag(q)t)
−ηTx sin(q · r − ωmag(q)t)
(3)
to the Hamiltonian in order to compute the electronic
states in the presence of the magnon, Eq. (1). Here,
Ωxc(r) = 12µB
[
V effminority(r)− V effmajority(r)
]
is the ex-
change field, i.e., the difference between the effective po-
tentials of minority and majority electrons, µB is the
Bohr magneton, and T is the torque operator [7]. We
include the effect of this perturbation, Eq. (3), on the
electronic states with the help of the Keldysh nonequi-
librium formalism. A single perturbation by Eq. (3) leads
to a response that oscillates spatially proportional to the
cos and sin such that its spatial average is zero. We
therefore consider the quadratic response to the pertur-
bation Eq. (3). A sampling over the magnon distribution
is performed in the course of the derivation.
The perturbation by the applied electric field is given
by
δHem(t) = ev ·A(t), (4)
where
A(t) =
1
2
[
E0e
−iωt
iω
− E0e
iωt
iω
]
= −E0 sin(ωt)
ω
(5)
and e is the elementary positive charge. We will take
the limit ω → 0 at the end of the calculation in order to
extract the dc response to the applied electric field.
Since we need the response quadratic in δHmag and
linear in δHem, we take the 3rd order perturbation from
the Dyson equation [23]:
G<3 = G
R
eq
δHtot(t1)
~
GReq
δHtot(t2)
~
GReq
δHtot(t3)
~
G<eq+
+GReq
δHtot(t1)
~
GReq
δHtot(t2)
~
G<eq
δHtot(t3)
~
GAeq+
+GReq
δHtot(t1)
~
G<eq
δHtot(t2)
~
GAeq
δHtot(t3)
~
GAeq+
+G<eq
δHtot(t1)
~
GAeq
δHtot(t2)
~
GAeq
δHtot(t3)
~
GAeq,
(6)
where GReq, G
A
eq and G
<
eq are the retarded, advanced, and
lesser Green’s functions of the unperturbed system, re-
spectively, and
δHtot(t) = δHmag(t) + δHem(t). (7)
In Eq. (6) we suppressed the two time arguments that
each Green’s function has for notational convenience.
Additionally, we suppressed the time-integrations of the
intermediate times t1, t2 and t3 for notational brevity.
How these time-integrals are performed is clarified in the
following Eq. (8). The time-integration of the product of
four Green’s functions is given by∫
dt1dt2dt3e
−iΩ1t1e−iΩ2t2e−iΩ3t3×
×Gαeq(t, t1)Gα
′
eq(t1, t2)G
α′′
eq (t2, t3)G
α′′′
eq (t3, t) =
=
e−i[Ω1+Ω2+Ω3]t
2pi
∫
dΩGαeq(Ω)G
α′
eq(Ω− Ω1)×
Gα
′′
eq (Ω− Ω1 − Ω2)Gα
′′′
eq (Ω− Ω1 − Ω2 − Ω3),
(8)
where α = R,A, < and Ωi may take the values ±ω and
±ωmag (i=1,2,3). The following frequency combinations
may contribute to the magnonic SOT:
Case 1: Ω1 = ±ω and Ω2 = −Ω3 = ±ωmag.
Case 2: Ω2 = ±ω and Ω1 = −Ω3 = ±ωmag.
Case 3: Ω3 = ±ω and Ω1 = −Ω2 = ±ωmag.
In order to make the equations more compact, we in-
troduce the Keldysh Green’s function
Gˆeq(Ω) =
(
GReq(Ω) G
<
eq(Ω)
0 GAeq(Ω)
)
. (9)
In case j we obtain (j = 1, 2, 3):
Gˆ3,j = lim
ω→0
1
8iω
∑
u=±
∑
u′=±
uGˆ3,j(u, u
′), (10)
where in case 1
Gˆ3,1(u, u
′) =
η2
~3
eE0 ·
∑
γ=x,y
∫
dΩGˆeq(Ω)vGˆeq(Ω− uω)×
× TγGˆeq,−u′q(Ω− uω − u′ωmag)TγGˆeq(Ω− uω)
(11)
and in case 2
Gˆ3,2(u, u
′) =
η2
~3
eE0 ·
∑
γ=x,y
∫
dΩGˆeq(Ω)Tγ×
× Gˆeq,−u′q(Ω− u′ωmag)vGˆeq,−u′q(Ω− uω − u′ωmag)×
× TγGˆeq(Ω− uω)
(12)
and in case 3
Gˆ3,3(u, u
′) =
η2
~3
eE0 ·
∑
γ=x,y
∫
dΩGˆeq(Ω)Tγ×
× Gˆeq,−u′q(Ω− u′ωmag)TγGˆeq(Ω)vGˆeq(Ω− uω).
(13)
3Green’s functions that carry the momentum subscript
−u′q are shifted in momentum space by −u′q.
Summing up cases 1,2 and 3 we obtain
Gˆ3 =
3∑
j=1
Gˆ3,j = lim
ω→0
1
8iω
∑
u=±
∑
u′=±
uGˆ3(u, u
′), (14)
where
Gˆ3(u, u
′) =
η2
~3
e
∫
dΩ
∑
γ=x,y
[
GˆΩv ·E0GˆΩ−uωTγGˆΩ−uω−u′ωmag,−u′qTγGˆΩ−uω
+ GˆΩTγGˆΩ−u′ωmag,−u′qv ·E0GˆΩ−uω−u′ωmag,−u′qTγGˆΩ−uω
+ GˆΩTγGˆΩ−u′ωmag,−u′qTγGˆΩv ·E0GˆΩ−uω
]
.
(15)
Here, in order to save space we introduced the notation
GˆΩ = Gˆeq(Ω).
For the numerical evaluation of Eq. (15) it is conve-
nient to perform a Taylor-expansion in q and ωmag. For
the purposes of this paper we only need the lesser-one
contribution to Gˆ3(u, u
′), i.e., the contribution propor-
tional to the derivative of the Fermi function f ′, which
we denote by G<3 (u, u
′). Its Taylor-expansion is given by
G<3 (u, u
′) = G
<,(0,0)
3 (u, u
′) +G
<,(1,0)
3 (u, u
′)+
+G
<,(2,0)
3 (u, u
′) +G
<,(0,1)
3 (u, u
′)+
+G
<,(0,2)
3 (u, u
′) + . . . ,
(16)
where
G
<,(i,j)
3 (u, u
′) ∝ (u′ωmag)iqj , (17)
i.e., G
<,(i,j)
3 (u, u
′) is i-th order in ωmag and j-th order in q
in the Taylor expansion ofG<3 (u, u
′). A priori it is unclear
whether all terms in the expansion Eq. (16) contribute
to the magnonic SOT. Therefore, we will evaluate them
separately, such that we can compare their magnitudes
later.
At zeroth-order in ωmag and q the lesser-one contribu-
tion from Eq. (15) is given by
G
<,(0,0)
3 (u, u
′) = −uωe
∫
dΩ
∑
γ=x,y
f ′(~Ω)
η2
~2
E0 ·
[
GRΩvG
S
ΩTγGAΩTγGAΩ +GRΩvGRΩTγGSΩTγGAΩ
+GRΩvG
R
ΩTγGRΩTγGSΩ +GRΩTγGRΩvGSΩTγGAΩ
+GRΩTγGRΩvGRΩTγGSΩ +GRΩTγGRΩTγGRΩvGSΩ
]
,
(18)
where GSΩ = G
A
Ω −GRΩ. The SOT due to Gˆ3 is given by
Tmag = iTr
[
T Gˆ<3
]
. (19)
G
<,(0,0)
3 (u, u
′) still needs to be summed over the popu-
lated magnon modes. G
<,(0,0)
3 (u, u
′) itself depends on
the magnons only through η. The effect of summing
G
<,(0,0)
3 (u, u
′) over the magnon modes is therefore the
multiplication by the number of magnons. We Taylor-
expand only the electronic lesser Green’s function in
terms of ωmag and q and not the Bose-Einstein distri-
bution function. Therefore, we introduce the integral
I(0,0)(T ) =
1
NmagVmag
∑
q
F (ωmag(q), T )
=
∫
ddq
(2pi)d
F (ωmag(q), T ),
(20)
where F (ωmag(q), T ) is the Bose-Einstein distribution
function and Vmag is the volume of the unit cell of the
magnetic layer. For example, in the case of Co/Pt mag-
netic bilayers, Vmag is the volume occupied by one Co-
atom, i.e., the volume occupied by the magnetic Co layer
divided by the number of Co-atoms in the Co layer. Since
the magnons are present only in the magnetic layer, this
ensures the proper normalization of I(0,0)(T ). d is the
effective dimension of the magnetic layer. For magnetic
monolayers deposited on normal metal substrates d = 2
should be used, while d = 3 may be more appropriate for
thicker magnetic layers. This integral is evaluated below
in section II B.
The sum over magnon-modes yields therefore
T (0,0)mag = −
VmagI
(0,0)(T )
~2
∫
dΩ
∑
γ=x,y
f ′(~Ω)Tr
{
T
GRΩ
[
vGSΩTγGAΩTγGAΩ + vGRΩTγGSΩTγGAΩ
+ vGRΩTγGRΩTγGSΩ + TγGRΩvGSΩTγGAΩ
+ TγGRΩvGRΩTγGSΩ + TγGRΩTγGRΩvGSΩ
]
·E0e
}
,
(21)
where we made use of η2 = 2/Nmag (see Eq. (2)). In
this paper we discuss only the intraband contributions,
i.e., contributions that depend only on the band-diagonal
matrix elements 〈n|v|n〉 and 〈n|Tγ |n〉. The intraband
contribution is given by
T (0,0),intramag = −e~VmagI(0,0)(T )
∫
dE
∑
γ=x,y
f ′(E)×
×
∑
n
〈n|T |n〉〈n|v ·E0|n〉[〈n|Tγ |n〉]2×
× 1
[(E − En)2 + Γ2]2 ,
(22)
where we used
GRΩ =
∑
n
|n〉 ~
~Ω− En + iΓ 〈n| (23)
and GAΩ = [G
R
Ω]
†. Employing
1
[(EF − En)2 + Γ2]2 →
pi
2Γ3
δ(E − En) (24)
4and introducing the k point sampling over the Brillouin
zone (with N k points), the intraband contribution be-
comes
T (0,0),intramag = −
e~pi
2Γ3
VmagI
(0,0)(T )
1
N
∑
kn
f ′(Ekn)×
× 〈kn|T |kn〉〈kn|v ·E0|kn〉
∑
γ=x,y
[〈kn|Tγ |kn〉]2.
(25)
We introduce the corresponding torkance tensor [7] such
that
T (0,0),intramag =
3∑
i=1
2∑
j=1
eˆit
(0,0)
mag,ijE0,j , (26)
where E0 = (E0,x, E0,y, 0) is the applied in-plane electric
field (applied in the plane of the magnetic bilayer, there-
fore no z component), eˆi is the unit vector along the i-th
Cartesian direction, and the torkance tensor is
t
(0,0)
mag,ij = −
e~pi
2Γ3
VmagI
(0,0)(T )
1
N
∑
kn
f ′(Ekn)×
× 〈kn|Ti|kn〉〈kn|vj |kn〉
∑
γ=x,y
[〈kn|Tγ |kn〉]2.
(27)
It is instructive to compare this expression for the
magnonic field-like SOT to the purely electronic field-like
SOT, which is given by [7]:
toddij = −
e~
2Γ
1
N
∑
kn
f ′(Ekn)〈kn|Ti|kn〉〈kn|vj |kn〉. (28)
Therefore, for a given k point and for a given band n the
magnonic field-like SOT differs from its purely electronic
counterpart by the factor
pi
Γ2
VmagI
(0,0)(T )
∑
γ=x,y
[〈kn|Tγ |kn〉]2, (29)
which may be useful for order-of-magnitude estimates of
the magnonic SOT.
The next contribution to the Taylor-expansion is
G
<,(1,0)
3 (u, u
′) (see Eq. (16)). According to Eq. (17) we
have G
<,(1,0)
3 (u, u
′) ∝ u′ωmag. Since we need to sum over
u′ = ±1, this does not contribute to the magnonic SOT.
The following contribution G
<,(2,0)
3 (u, u
′) (see Eq. (16))
requires us to extract the terms quadratic in ωmag from
Eq. (15). We obtain
Gˆ
(2,0)
3 (u, u
′) = −e
2
uω[ωmag]
2 η
2
~3
∫
dΩ
∑
γ=x,y
GˆΩE0 ·
[
v
∂GˆΩ
∂Ω
Tγ ∂
2GˆΩ
∂Ω2
TγGˆΩ + vGˆΩTγ ∂
3GˆΩ
∂Ω3
TγGˆΩ
+ vGˆΩTγ ∂
2GˆΩ
∂Ω2
Tγ ∂GˆΩ
∂Ω
+ Tγ ∂
2GˆΩ
∂2Ω
v
∂GˆΩ
∂Ω
TγGˆΩ
+ Tγ ∂
2GˆΩ
∂Ω2
vGˆΩTγ ∂GˆΩ
∂Ω
+ TγGˆΩv∂
3GˆΩ
∂Ω3
TγGˆΩ
+ TγGˆΩv∂
2GˆΩ
∂Ω2
Tγ ∂GˆΩ
∂Ω
+ 2Tγ ∂GˆΩ
∂Ω
v
∂2GˆΩ
∂Ω2
TγGˆΩ
+2Tγ ∂GˆΩ
∂Ω
v
∂GˆΩ
∂Ω
Tγ ∂GˆΩ
∂Ω
+Tγ ∂
2GˆΩ
∂Ω2
TγGˆΩv∂GˆΩ
∂Ω
]
.
(30)
From this we extract the lesser-one contribution
G
<,(2,0)
3 (u, u
′) = −
∫
dΩf ′(~Ω)
∑
γ=x,y
GRΩ
[
vGSΩTγ
∂2GAΩ
∂Ω2
TγGAΩ + 2v
∂GRΩ
∂Ω
Tγ ∂G
S
Ω
∂Ω
TγGAΩ
+ 3vGRΩTγ
∂2GSΩ
∂Ω2
TγGAΩ + 2vGRΩTγ
∂GSΩ
∂Ω
Tγ ∂G
A
Ω
∂Ω
+ vGRΩTγ
∂2GRΩ
∂Ω2
TγGSΩ + 2Tγ
∂GSΩ
∂Ω
v
∂GAΩ
∂Ω
TγGAΩ
+ Tγ ∂
2GRΩ
∂2Ω
vGSΩTγGAΩ + 2Tγ
∂GSΩ
∂Ω
vGAΩTγ
∂GAΩ
∂Ω
+ Tγ ∂
2GRΩ
∂2Ω
vGRΩTγGSΩ + 3TγGRΩv
∂2GSΩ
∂Ω2
TγGAΩ
+ 2TγGRΩv
∂GSΩ
∂Ω
Tγ ∂G
A
Ω
∂Ω
+ TγGRΩv
∂2GRΩ
∂Ω2
TγGSΩ
+ 2TγGSΩv
∂2GAΩ
∂Ω2
TγGAΩ + 4Tγ
∂GRΩ
∂Ω
v
∂GSΩ
∂Ω
TγGAΩ
+ 2TγGSΩv
∂GAΩ
∂Ω
Tγ ∂G
A
Ω
∂Ω
+ 2Tγ ∂G
R
Ω
∂Ω
vGSΩTγ
∂GAΩ
∂Ω
+ 2Tγ ∂G
R
Ω
∂Ω
v
∂GRΩ
∂Ω
TγGSΩ + 2Tγ
∂GSΩ
∂Ω
TγGAΩv
∂GAΩ
∂Ω
+ Tγ ∂
2GRΩ
∂Ω2
TγGRΩvGSΩ
]
·E0 e
2
uω[ωmag]
2 η
2
~2
.
(31)
When we substitute
∂GαΩ
∂Ω
= −GαΩGαΩ (32)
(α=R,A,S), all terms contain 6 Green’s functions. Non-
zero intraband terms can arise only from terms with 3
5retarded and 3 advanced Green’s functions. These are:
− e
2
uω[ωmag]
2 η
2
~2
∫
dΩf ′(~Ω)
∑
γ=x,y
E0 ·
[
+ 2GRΩvG
R
ΩG
R
ΩTγGAΩGAΩTγGAΩ
− 2GRΩTγGRΩGRΩvGAΩGAΩTγGAΩ
− 2GRΩTγGRΩGRΩvGAΩTγGAΩGAΩ
+ 4GRΩTγGRΩGRΩvGAΩGAΩTγGAΩ
+ 2GRΩTγGRΩGRΩvGAΩTγGAΩGAΩ
− 2GRΩTγGRΩGRΩTγGAΩvGAΩGAΩ
]
→ −uω[ωmag]2 η
2
~2
∫
dΩ
∑
n
e~6
[(~Ω− En)2 + Γ2]3×
× f ′(~Ω)
∑
γ=x,y
〈n|v ·E0|n〉[〈n|Tγ |n〉]2.
(33)
In order to perform the sampling over magnon modes
we introduce the integral
I(2,0)(T ) =
∫
ddq
(2pi)d
[~ωmag(q)]
2F (q, T ), (34)
which we discuss below in section II B. Thus, the sum
over magnon modes yields the following contribution to
the SOT:
T (2,0),intramag = −VmagI(2,0)(T )
∫
dΩf ′(~Ω)
∑
n
〈n|T |n〉×
× e~
2
[(~Ω− En)2 + Γ2]3
∑
γ=x,y
〈n|v ·E0|n〉[〈n|Tγ |n〉]2,
(35)
where we made use of η2 = 2/Nmag (see Eq. (2)). Using
1
[(E − En)2 + Γ2]3 →
3
8
pi
Γ5
δ(E − En) (36)
and introducing k-point sampling over the Brillouin zone,
T
(2,0),intra
mag becomes
T (2,0),intramag = −
3epi~
8Γ5
VmagI
(2,0)(T )
1
N
∑
kn
f ′(Ekn)×
× 〈kn|T |kn〉〈kn|v ·E0|kn〉
∑
γ=x,y
[〈kn|Tγ |kn〉]2.
(37)
The corresponding torkance tensor is given by
t
(2,0)
mag,ij = −
3epi~
8Γ5
VmagI
(2,0)(T )
1
N
∑
kn
f ′(Ekn)×
× 〈kn|Ti|kn〉〈kn|vj |kn〉
∑
γ=x,y
[〈kn|Tγ |kn〉]2,
(38)
which differs from the purely electronic torkance Eq. (28)
by the factor
3pi
4Γ4
VmagI
(2,0)(T )
∑
γ=x,y
[〈kn|Tγ |kn〉]2 (39)
at given k and n. This factor may be useful for order-of-
magnitude estimates of the magnonic SOT.
The next contribution to the Taylor-expansion is
G
<,(0,1)
3 (u, u
′) (see Eq. (16)). Since it is linear in q, the
average over magnon modes evaluates to zero for it. The
next non-zero contribution is therefore G
<,(0,2)
3 (u, u
′).
The Taylor-expansion of Eq. (11), Eq. (12) and Eq. (13)
up to second order in q and up to zeroth order in ωmag
yields the lesser-one contributions
Gˆ
<,(0,2)
3,1 (u, u
′) = −uω 1
2
η2
~2
e
∑
γ=x,y
∑
ij
qiqj
∫
dΩ×
× f ′(~Ω)GRΩE0 ·
[
vGSΩTγ
∂2GAΩ,q
∂qi∂qj
TγGAΩ
+ vGRΩTγ
∂2GSΩ,q
∂qi∂qj
TγGAΩ + vGRΩTγ
∂2GRΩ,q
∂qi∂qj
TγGSΩ
]
(40)
in case 1,
Gˆ
<,(0,2)
3,2 (u, u
′) = −uω
∑
ij
∑
γ=x,y
∫
dΩf ′(~Ω)
1
2
qiqj
η2
~2
eE0 ·GRΩTγ
[∂2GRΩ,q
∂qi∂qj
vGSΩTγGAΩ
+
∂2GRΩ,q
∂qi∂qj
vGRΩTγGSΩ +
∂GRΩ,q
∂qi
v
∂GSΩ,q
∂qj
TγGAΩ
+
∂GRΩ,q
∂qi
v
∂GRΩ,q
∂qj
TγGSΩ +
∂GRΩ,q
∂qj
v
∂GSΩ,q
∂qi
TγGAΩ
+
∂GRΩ,q
∂qj
v
∂GRΩ,q
∂qi
TγGSΩ +GRΩv
∂2GSΩ,q
∂qi∂qj
TγGAΩ
+GRΩv
∂2GRΩ,q
∂qi∂qj
TγGSΩ
]
(41)
in case 2, and
Gˆ
<,(0,2)
3,3 (u, u
′) = −uω 1
2
η2
~2
eE0 ·
∑
ij
qiqj
∑
γ=x,y
∫
dΩ×
× f ′(~Ω)GRΩTγ
∂2GRΩ,q
∂qi∂qj
TγGRΩvGSΩ
(42)
in case 3. After substitution of
∂GRΩ
∂qi
= GRΩviG
R
Ω (43)
all terms in Eq. (40), Eq. (41), and Eq. (42) contain 6
Green’s functions. Non-zero intraband terms can arise
only from terms with 3 retarded and 3 advanced Green’s
functions. Such contributions do not exist neither in
Eq. (40) nor in Eq. (42). However, the 3rd and the 5th
term in Eq. (41) are of the required type. From them we
6obtain
T (0,2),intramag = −
∑
ij
I
(0,2)
ij (T )
∫
dΩf ′(~Ω)
∑
n
〈n|T |n〉×
× e~
4Vmag
[(~Ω− En)2 + Γ2]3 〈n|v ·E0|n〉
∑
γ=x,y
[〈n|Tγ |n〉]2×
× 〈n|vi|n〉〈n|vj |n〉,
(44)
where we used η2 = 2/Nmag and where
I
(0,2)
ij (T ) =
∫
ddq
(2pi)d
(q)qiqjF (q, T ). (45)
This integral is discussed below in section II B. Employ-
ing Eq. (36) and introducing k-point sampling over the
Brillouin zone, T
(0,2),intra
mag becomes
T (0,2),intramag = −
3pi
8Γ5
e~3Vmag
1
N
∑
kn
f ′(Ekn)×
× 〈kn|T |kn〉〈kn|v ·E0|kn〉
∑
γ=x,y
[〈kn|Tγ |kn〉]2×
×
∑
ij
I
(0,2)
ij (T )〈kn|vi|kn〉〈kn|vj |kn〉.
(46)
The corresponding torkance tensor is given by
t
(0,2)
mag,ij = −
3pi
8Γ5
e~3Vmag
1
N
∑
kn
f ′(Ekn)×
× 〈kn|Ti|kn〉〈kn|vj |kn〉
∑
γ=x,y
[〈kn|Tγ |kn〉]2×
×
∑
lm
I
(0,2)
lm (T )〈kn|vl|kn〉〈kn|vm|kn〉,
(47)
which differs from its purely electronic counterpart
(Eq. (28)) by the factor
3~2pi
4Γ4
Vmag
∑
γ=x,y
[〈kn|Tγ |kn〉]2×
×
∑
lm
I
(0,2)
lm (T )〈kn|vl|kn〉〈kn|vm|kn〉.
(48)
This factor may be useful for order-of-magnitude esti-
mates of the magnonic torque.
B. Integrals over magnon modes
In the previous subsection we introduced integrals over
magnon modes in Eq. (20), Eq. (34), and Eq. (45). In
order to evaluate these integrals, we assume that the
magnon dispersion is given by
ωmag(q) = Aq2 + C, (49)
where A is the spin-wave stiffness and C is the spin-wave
gap. In principle, the q integrals should be restricted to
the first Brillouin-zone in q-space, the volume of which
is reciprocal to Vmag. However, for the examples consid-
ered here one introduces only a small error by waiving
the restriction to the first Brillouin-zone and integrat-
ing instead over the full q-space. Therefore, we integrate
in the following over the full q-space, which has the ad-
vantage that the integrals are given then by analytical
expressions.
First, we set the effective dimension d = 3, i.e., we
assume that the magnetic layer is so thick that magnons
can also be excited along the normal direction, i.e, with
qz 6= 0, such that the integrals should be performed in 3-
dimensional q-space. Additionally, we set the spin-wave
gap C = 0. The first integral is
I(0,0)(T ) =
∫
d3q
(2pi)3
F (ωmag(q), T ) =
=
√
pi
8pi2A3/2
[
kBT
~
]3/2
ζ
(
3
2
)
,
(50)
where ζ denotes the Zeta function, i.e., ζ(3/2) ≈ 2.612,
and kB is the Boltzmann constant.
The second integral is
I(2,0)(T ) =
∫
d3q
(2pi)3
[~ωmag(q)]
2F (ωmag(q), T ) =
=
15
√
pi~2
32pi2A3/2
[
kBT
~
]7/2
ζ
(
7
2
)
,
(51)
where ζ(7/2) ≈ 1.127.
For the isotropic dispersion of Eq. (49) the third
integrals satisfy I
(0,2)
xx (T ) = I
(0,2)
yy (T ) = I
(0,2)
zz (T ) =
I(0,2)(T )/3, with
I(0,2)(T ) =
∫
d3q
(2pi)3
(q)q2F (q, T )
=
3
√
pi
16pi2A5/2
[
kBT
~
]5/2
ζ
(
5
2
)
,
(52)
where ζ(5/2) ≈ 1.341.
In table I we list the values of these integrals at
T =300K for various ferromagnets. For the spin-wave
stiffnesses we took bulk values from the literature. We
multiplied the integrals with the volume per magnetic
atom, which is Vmag = 11.777A˚
3 in the case of Fe,
Vmag = 11.086A˚
3 in the case of Co, and Vmag = 10.954A˚
3
in the case of Ni.
TABLE I: Integrals I(0,0)(T )Vmag, I
(2,0)(T )Vmag, and
I(0,2)(T )Vmag at temperature T =300K for various ferromag-
nets and with the effective dimension d = 3.
A I(0,0)Vmag I(2,0)Vmag I(0,2)Vmag
[meV A˚2] [(eV)2] [A˚−2]
Fe 307 (Ref [24]) 0.0169 1.824 · 10−5 1.094 · 10−3
Co 539 (Ref [25]) 6.83 · 10−3 7.38 · 10−6 2.52 · 10−4
Ni 433 (Ref [26]) 9.37 · 10−3 1.013 · 10−5 4.308 · 10−4
7Now, we turn to the case with effective dimension d =
2. The first integral is
I(0,0)(T ) =
∫
d2q
(2pi)2
F (ωmag(q), T ) =
=
1
2pi
∫
qd q
e~ωmag(q)/(kBT ) − 1 =
=
1
4piA
∫ ∞
C
dωmag
e~ωmag/(kBT ) − 1 =
=
1
4piA
kBT
~
∫ ∞
~C/(kBT )
d ξ
eξ − 1 =
=
1
4piA
kBT
~
[
~C
kBT
− log
(
e
~C
kBT − 1
)]
,
(53)
which diverges when the magnon gap C goes to zero.
The second integral is (assuming C = 0)
I(2,0)(T ) =
∫
d2q
(2pi)2
[~ωmag(q)]
2F (ωmag(q), T ) =
=
~
2
2piA
[
kBT
~
]3
ζ(3),
(54)
were ζ(3) ≈ 1.202.
For the isotropic dispersion of Eq. (49) the third in-
tegrals satisfy I
(0,2)
xx (T ) = I
(0,2)
yy (T ) = I(0,2)(T )/2, with
(assuming C = 0)
I(0,2)(T ) =
∫
d2q
(2pi)2
(q)q2F (q, T )
=
pi
24A2
[
kBT
~
]2
.
(55)
In table II we list the values of these integrals at
T =300K for various ferromagnets. For Fe, Co, and Ni
we took the same spin-wave stiffnesses as in Table I. In
the two-dimensional case Vmag stands for the in-plane
area of the unit cell per magnetic atom. These areas are
Vmag = 4.109A˚
2 in the case of Fe, Vmag = 2.723A˚
2 in the
case of Co, and Vmag = 3.107A˚
2 in the case of Ni. For
the first integral I(0,0) we used a magnon gap of 0.1 meV,
which ensures convergence, while the values of the second
and third integrals are almost not affected by this small
gap of 0.1 meV and therefore their values are almost iden-
tical to the analytical expressions above with C = 0. The
data for Mn in Table II correspond to a monolayer of Mn
on W(001) [27] with Vmag = 10.018A˚
2. Since the STM
experiments on Mn/W(001) were performed at T =13 K
we set the temperature in the integrals to T =13 K (Mn-
13K). As the spin-wave stiffness of the Mn monolayer is
much smaller than the spin-wave stiffnesses of Fe, Co and
Ni, the integrals I(0,0) and I(0,2) in Mn at T =13 K are
similar in size to the ones of Fe, Co, and Ni at T =300 K.
TABLE II: Integrals I(0,0)(T )Vmag, I
(2,0)(T )Vmag, and
I(0,2)(T )Vmag at temperature T =300K for various ferromag-
nets and with the effective dimension d = 2. In the case of
Mn-13K the temperature is T =13K.
A I(0,0)Vmag I(2,0)Vmag I(0,2)Vmag
[meVA˚2] [(eV)2] [A˚−2]
Fe 307 0.153 4.424 · 10−5 3.814 · 10−3
Co 539 5.78 · 10−2 1.67 · 10−5 8.20 · 10−4
Ni 433 8.203 · 10−2 2.372 · 10−5 1.450 · 10−3
Mn-13K 56 3.923 · 10−2 4.808 · 10−8 5.246 · 10−4
C. Dependence on temperature and relaxation
time
Putting together the results from the previous two sub-
sections, we find that the three magnonic contributions to
the SOT exhibit the following scaling behaviour with re-
spect to temperature T , relaxation time τ , and spin-wave
stiffness A when the effective dimension of the magnetic
layer is d = 3:
t
(0,0)
mag,ij ∝
T 3/2
A3/2Γ3 ∝
T 3/2τ3
A3/2 , (56)
t
(2,0)
mag,ij ∝
T 7/2
A3/2Γ5 ∝
T 7/2τ5
A3/2 , (57)
and
t
(0,2)
mag,ij ∝
T 5/2
A5/2Γ5 ∝
T 5/2τ5
A5/2 , (58)
where we used the relation τ = 1/(2Γ) between quasi-
particle broadening Γ and relaxation time τ .
When the effective dimension of the magnetic layers is
d = 2, we find instead
t
(0,0)
mag,ij ∝
T
AΓ3 ∝
Tτ3
A , (59)
t
(2,0)
mag,ij ∝
T 3
AΓ5 ∝
T 3τ5
A , (60)
and
t
(0,2)
mag,ij ∝
T 2
A2Γ5 ∝
T 2τ5
A2 . (61)
We will see in Sec. III A that t
(0,2)
mag,ij is dominant. Its
temperature dependence is given by ∝ T d/2+1. A scaling
∝ T d/2+1, where d is the dimensionality of the system,
has also been found for the spin-wave-induced correction
to the conductivity of ferromagnets [17].
Even though the relaxation time τ depends on temper-
ature through phonon and magnon scattering, we do not
8express the relaxation time in terms of the temperature
here, because interfacial disorder is expected to provide
major scattering channels in magnetic bilayers as well.
Therefore, we treat temperature and relaxation time τ
as independent parameters, because the latter can be
controlled independently of temperature by tuning the
disorder in the system.
Spin disorder usually increases the electrical resistiv-
ity [18, 19] due to the additional scattering channels,
which may be described effectively by a simple reduc-
tion of the relaxation time. In contrast, the magnonic
SOT discussed here cannot simply be accounted for by
this reduction of the relaxation time.
D. Generalizations of the formalism to treat the
anisotropy of SOT
In Sec. II A we assumed that the magnetization is ori-
ented in z-direction. In order to compute the anisotropy
of the SOT, it is necessary to generalize this for general
magnetization directions. It is effective to express the
magnetization direction in spherical coordinates:
Mˆ =

sin(θ) cos(φ)sin(θ) sin(φ)
cos(θ)

 . (62)
In order to discuss the anisotropy of the SOT it is con-
venient to project the torques onto the unit vectors
eˆθ = ∂Mˆ/∂θ and eˆφ = ∂Mˆ/∂φ/ sin(θ) of the spherical
coordinate system, because the torques are perpendicu-
lar to the magnetization [3]. For this purpose we define
the torkances in spherical coordinates:
t
(I,J)
mag,θj =
∑
i
eˆθ · eˆit(I,J)mag,ij , (63)
and
t
(I,J)
mag,φj =
∑
i
eˆφ · eˆit(I,J)mag,ij , (64)
where I, J = 0, 2.
Eq. (27), Eq. (38), and Eq. (47) become valid for gen-
eral magnetization direction if the following replacement
is made:∑
γ=x,y
[〈kn|Tγ |kn〉]2 →
∑
γ=θ,φ
[〈kn|Tγ |kn〉]2, (65)
where
Tθ =
∑
γ=x,y,z
eˆθ · eˆγTγ (66)
and
Tφ =
∑
γ=x,y,z
eˆφ · eˆγTγ . (67)
III. FIRST-PRINCIPLES CALCULATIONS
A. Co/Pt(111) magnetic bilayer
We evaluate t
(0,0)
mag,ij (Eq. (27)), t
(2,0)
mag,ij (Eq. (38)), and
t
(0,2)
mag,ij (Eq. (47)) for a Co/Pt magnetic bilayer composed
of 3 magnetic layers of Co and 10 magnetic layers of Pt
based on first-principles density-functional theory calcu-
lations of the electronic structure. The computational
details of the Co/Pt system are given in Ref. [7]. We
make use of Wannier interpolation [28–30] in order to
evaluate Eq. (27), Eq. (38), and Eq. (47) computation-
ally efficiently. For the integrals I(I,J)(T )Vmag we use the
values listed in Table I (d = 3) and in Table II (d = 2)
for Co. We assume that 3 magnetic layers of Co corre-
spond to a mixture of d = 3 and d = 2: Since magnons
with qz 6= 0 can be excited in a Co layer consisting of 3
atomic layers, the assumption d = 2 is certainly an ap-
proximation. On the other hand, assuming d = 3 with
an isotropic magnon dispersion is certainly an approxi-
mation as well. We therefore calculate the two limiting
cases d = 3 and d = 2.
We first discuss the case d = 3. The calculated
torkances are given in Table III for three magnetization
directions: Along the normal direction of the magnetic
bilayer (Mˆ = eˆz , i.e., θ = 0), for θ = 45
◦, and par-
allel to the magnetic bilayer (Mˆ = eˆx, i.e., θ = 90
◦).
Table III shows that the magnonic contribution to the
SOT is dominated by t
(0,2)
mag,θx, which exhibits a strong
anisotropy: t
(0,2)
mag,θx is reduced by a factor of 8 as the
magnetization is rotated from out-of-plane (θ = 0) to
in-plane (θ = 90◦).
TABLE III: Torkances in Co/Pt at temperature T =300K and
broadening Γ = 25 meV. The product of elementary positive
charge e and Bohr radius a0 used as unit of torkance amounts
to ea0 = 8.478 × 10
−30Cm. If (φy) is specified the torkances
t
(I,J)
mag,φy are given, otherwise the torkances t
(I,J)
mag,θx are given.
The effective dimension of the magnetic layer is assumed to
be d = 3.
θ toddθx [ea0] t
(0,0)
mag,θx[ea0] t
(2,0)
mag,θx[ea0] t
(0,2)
mag,θx[ea0]
θ = 0◦ 0.025 [7] 0.021 0.027 2.774
θ = 45◦ 0.059 0.017 0.0215 1.688
θ = 45◦ 0.036(φy) 0.007(φy) 0.0095 (φy) 0.995 (φy)
θ = 90◦ 0.066 0.0021 0.0027 0.343
In Figure 1 we illustrate the strong dependence of
t
(0,2)
mag,xx on the temperature T and the quasiparticle
broadening Γ for the case of magnetization in z-direction
(θ = 0). The strong temperature dependence found in
our calculations resembles the strong temperature depen-
dence measured in experiments [9–12].
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FIG. 1: Dependence of t
(0,2)
mag,xx on the temperature T and on
the quasiparticle broadening Γ. Effective dimension d = 3.
TABLE IV: Torkances in Co/Pt at temperature T =300K
and broadening Γ = 25 meV. If (φy) is specified the torkances
t
(I,J)
mag,φy are given, otherwise the torkances t
(I,J)
mag,θx are given.
The effective dimension of the magnetic layer is assumed to
be d = 2.
θ toddθx [ea0] t
(0,0)
mag,θx[ea0] t
(2,0)
mag,θx[ea0] t
(0,2)
mag,θx[ea0]
θ = 0◦ 0.025 [7] 0.178 0.061 13.54
θ = 45◦ 0.059 0.144 0.049 8.24
θ = 45◦ 0.036(φy) 0.059(φy) 0.0215 (φy) 4.86 (φy)
θ = 90◦ 0.066 0.018 0.006 1.674
Next, we discuss the case d = 2. The correspond-
ing torkances are listed in Table IV. Again, the torkance
t
(0,2)
mag,ij dominates strongly. t
(0,2)
mag,ij is larger in the d = 2
case compared to the d = 3 case by the factor 4.9. In
Figure 2 we illustrate the strong dependence of t
(0,2)
mag,xx
on the temperature T and the quasiparticle broadening
Γ for the case of magnetization in z-direction (θ = 0).
B. O/Co/Pt(111) magnetic bilayer
As discussed in Ref. [7] the calculated field-like torque
in Co/Pt(111) differs in sign to the one measured exper-
imentally in AlOx/Co/Pt(111) [3]. Therefore, we con-
sider in this subsection O/Co/Pt(111), i.e., a Co/Pt(111)
magnetic bilayer with an additional oxygen monolayer
as capping. The field-like torque in O/Co/Pt(111)
agrees in sign to the one measured experimentally in
AlOx/Co/Pt(111) [7]. Computational details of the
O/Co/Pt(111) magnetic bilayer are given in Ref. [7].
In Table V we list the torkances in O/Co/Pt assuming
the effective dimension d = 3. We consider two magneti-
zation directions: The out-of-plane direction (θ = 0) as
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FIG. 2: Dependence of t
(0,2)
mag,xx on the temperature T and on
the quasiparticle broadening Γ. Effective dimension d = 2.
well as the direction θ = 60◦, φ = 0. In contrast to the
Co/Pt(111) magnetic bilayer without oxygen capping for
which t
(2,0)
mag,θx strongly dominates, the magnonic torkance
t
(2,0)
mag,θx in O/Co/Pt is of the same order of magnitude as
toddθx . However, the anisotropy of t
(2,0)
mag,ij is much larger
than the anisotropy of toddij also here in O/Co/Pt.
In Table VI we list the torkances in O/Co/Pt assuming
the effective dimension d = 2.
TABLE V: Torkances in O/Co/Pt(111) at temperature
T =300K and broadening Γ = 25 meV. If (φy) is specified the
torkances t
(I,J)
mag,φy are given, otherwise the torkances t
(I,J)
mag,θx
are given. The effective dimension of the magnetic layer is
assumed to be d = 3.
θ toddθx [ea0] t
(0,0)
mag,θx[ea0] t
(2,0)
mag,θx[ea0] t
(0,2)
mag,θx[ea0]
θ = 0◦ -0.37 [7] 0.0018 0.0023 -0.225
θ = 60◦ -0.29 0.005 0.0065 0.045
θ = 60◦ -0.197(φy) -0.0016(φy) -0.002 (φy) -0.056 (φy)
TABLE VI: Torkances in O/Co/Pt(111) at temperature
T =300K and broadening Γ = 25 meV. If (φy) is specified the
torkances t
(I,J)
mag,φy are given, otherwise the torkances t
(I,J)
mag,θx
are given. The effective dimension of the magnetic layer is
assumed to be d = 2.
θ toddθx [ea0] t
(0,0)
mag,θx[ea0] t
(2,0)
mag,θx[ea0] t
(0,2)
mag,θx[ea0]
θ = 0◦ -0.37 [7] 0.0152 0.0052 -1.1
θ = 60◦ -0.29 0.042 0.015 0.221
θ = 60◦ -0.197(φy) -0.014(φy) -0.004 (φy) -0.27 (φy)
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C. Mn/W(001) magnetic bilayer
We computed the magnonic SOTs in a Mn monolayer
deposited on 9 atomic layers of W(001). The compu-
tational details of the Mn/W(001) system are given in
Ref. [7]. In the Mn monolayer magnons with qz 6= 0
do not exist and therefore we confidently set d = 2
and use the values given in Table II for the integrals
I(I,J)(T )Vmag.
The torkances are listed in Table VII for tempera-
ture T =13K. Similar to Co/Pt(111) the torkance t
(0,2)
mag,ij
is dominant despite the small temperature of T =13K,
because the spin-wave stiffness in the Mn-monolayer is
small as well. The torkance t
(0,2)
mag,θx is reduced by the
factor 2.2 when the magnetization is rotated from out-
of-plane to in-plane. This anisotropy is smaller than in
Co/Pt(111), but still relatively large.
TABLE VII: Torkances in Mn/W(001) at temperature
T =13K and broadening Γ = 25 meV. If (φy) is specified in
a row, the torkances t
(I,J)
mag,φy are given in that row, otherwise
the torkances t
(I,J)
mag,θx are given.
θ toddθx [ea0] t
(0,0)
mag,θx[ea0] t
(2,0)
mag,θx[ea0] t
(0,2)
mag,θx[ea0]
θ = 0◦ -0.579 0.401 0.0006 -21.75
θ = 45◦ -0.537 0.251 3.7 · 10−4 -14.13
θ = 45◦ -0.524(φy) 3 · 10−3 4.5 · 10−6 -12.16
θ = 90◦ -0.386 0.165 2.43 · 10−4 -9.978
IV. CONCLUSIONS
Using 3rd order perturbation theory within the frame-
work of the Keldysh nonequilibrium formalism we de-
rive suitable equations to assess the magnonic contribu-
tions to the field-like SOT. In comparison to the purely
electronic field-like SOT, its magnonic counterpart de-
pends more strongly on the quasiparticle broadening
and on the temperature. We distinguish three contri-
butions to the magnonic field-like SOT, which depend
on the quasiparticle broadening Γ, the spin-wave stiff-
ness A and the temperature T in the following ways:
T 3/2/(A3/2Γ3), T 7/2/(A3/2Γ5) and T 5/2/(A5/2Γ5) when
the effective dimension is d = 3 and T/(AΓ3), T 3/(AΓ5)
and T 2/(A2Γ5) when the effective dimension is d = 2.
We computed the magnonic SOT from first principles
in Co/Pt(111), O/Co/Pt(111), and Mn/W(001) mag-
netic bilayers. In our calculations the T 5/2/(A5/2Γ5)
(d = 3) and T 2/(A2Γ5) (d = 2) contributions domi-
nate the magnonic SOT. We find a strong temperature-
dependence of the magnonic contribution to the field-
like SOT, in agreement with experimental observations.
According to our calculations, it exhibits a pronounced
anisotropy as well. Since the magnonic SOT is sizable in
comparison to its purely electronic counterpart, magnons
may therefore explain both the strong temperature de-
pendence and the anisotropy of the field-like SOT found
in some experiments.
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